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Abstract
Batten (Australas. J. Combin. 22 (2000) 167) stimulated interest in blocking semiovals, sets which
are both blocking sets and semiovals. Dover (European J. Combin. 21 (2000) 571) gave a bound on
the size of blocking semiovals and presented a family of blocking semiovals of size 3q − 4 valid in
PG(2, q) for q ≥ 5.
Dover posed the question: how many equivalence classes of blocking semiovals are there in
PG(2, 7) and how many of them are members of infinite families? Comprehensive computer
searches by the authors found eleven blocking semiovals, up to projective equivalence. We found
that at least seven of these blocking semiovals are contained in infinite families. This paper presents
those families.
We also prove a robust extension theorem: any blocking semioval in a subplane π of a projective
plane Π may be extended to a blocking semioval in Π by adding a suitable collection of points.
c© 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction
A blocking set in a projective plane Π is a set S of points such that every line of Π
contains at least one point from S and at least one point which is not in S [3]. Bruen found
that if S is a blocking set in a projective plane PG(2, q), then q+√q+1 ≤ |S| ≤ q2−√q.
Equality holds only if S is the set of points of a proper Baer subplane or its complement [3].
A semioval is a set S in Π in which each point has a unique tangent. The size |S| of a
semioval in a projective plane of order q satisfies q + 1 ≤ |S| ≤ q√q + 1 [10]. Dover
found that for a semioval S in a projective plane Π , finite or infinite, S contains no line
of P [7], and further for a semioval S in a finite projective plane Π of order q > 3, there
exists no line of Π which meets S in exactly q points [7].
A blocking semioval S is a blocking set which is also a semioval. Since it is a semioval,
S is a minimal blocking set, i.e. deleting a point of S leaves the tangent to S at that point
unblocked. S is also a maximal semioval, i.e. there is no line available to be the tangent
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to a point added to S. While blocking semiovals are of interest in their own right, we note
that Batten’s [1] protocol for a private key cryptosystem with signature may be adapted to
blocking semiovals.
Prior to Dover [6], the only families of blocking semiovals reported in the literature
were vertexless triangles and unitals. Dover reported a blocking semioval family of size
3q − 4 [6]. Building on this work, Suetake found that these semiovals could be combined
to create a larger family [9]. This paper will add five infinite families and will describe four
sporadic examples which seem to exist only in PG(2, 7).
Limits on the size of a blocking semioval S were estimated by Dover [6]. For a blocking
semioval S, 2q + 1 ≤ |S| ≤ q√q + 1 unless q = 3, in which case |S| = 2q = 6. If q ≥ 7,
then the lower bound can be increased to 2q + 2.
In this paper, we model PG(2, q) as a three-dimensional vector space over G F(q) using
homogeneous coordinates, where G F(q) denotes the Galois field with q elements. Point
coordinates are denoted (x, y, z), while line coordinates are written as [x, y, z]. When
referring to a set S, we say an n-secant to S is a line that contains n points of S. A 1-secant
is called a tangent.
This paper has three objectives. The first is to classify the blocking semiovals in
PG(2, 7). We used a comprehensive computer search to identify eleven equivalence
classes of blocking semiovals in PG(2, 7). The blocking semiovals found have from 16
to 19 points, consistent with the bounds reported by Dover [6]. Our second objective is to
demonstrate that seven of these blocking semiovals generalize to infinite families. Finally,
we present an extension theorem which shows that any semioval in a projective plane π
can be augmented to give a blocking semioval in any plane Π containing π as a subplane.
2. Eleven classes of blocking semiovals in PG(2, 7)
The authors exhaustively searched for blocking semiovals in PG(2, 7) and have verified
that there are only eleven classes, up to projective equivalence. We detail these blocking
semiovals in this section.
Our search program is a simple backtracking algorithm. Since the automorphism group
of PG(2, 7) is transitive on pairs of flags {(P, ), (Q,m)|P /∈ m and Q /∈ }, we begin
our search with a fixed pair of such flags as point/tangent pairs in our putative blocking
semioval S. We then add a succession of point–line pairs to S, such that the added line is
tangent at the corresponding added point. When adding a point, we check that it does not
lie on any already constructed tangents, and when adding a tangent, we check that it does
not pass through any existing points of S. The search ran in less than one day on a Dec
Alpha, and produced a large number of blocking semiovals. MAGMA [5] was then used
to sort out equivalence classes.
The vertexless triangle is the first of our classes and will form the basis of our
constructions. Let PG(2, q) be a projective plane over a field of order q . Let L1, L2,
and L3 be non-concurrent lines. Label the line intersections as follows: L1 ∩ L2 = V3,
L2 ∩ L3 = V1, and L1 ∩ L3 = V2. Then the vertexless triangle S consists of the 3q − 3
points on lines L1, L2, and L3 less the points V1, V2, and V3.
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Lemma 2.1. A vertexless triangle S has the following properties.
• Each point of S lies on one (q − 1)-secant, one tangent and (q − 1) 3-secants.
• The tangents to S pass through the vertices V1, V2, V3; the 3-secants to S pass
through one point each of L1, L2 and L3 in S; the (q − 1)-secants are the lines
L1, L2, and L3.
• Each point not on S, excluding V1, V2 and V3, is on three tangents to S, and (q − 2)
3-secants. The vertices are each on (q − 1) tangents and two (q − 1)-secants.
• The set S is a blocking semioval.
Proof. The above properties derive from simple counting arguments and proofs are left
to the reader. 
For further analysis of the structure of the vertexless triangle, see [8]. We present the
blocking semiovals relative to the vertexless triangle built on the lines [1, 0, 0], [0, 1, 0],
and [0, 0, 1]. The “delete points” are the points to be deleted from the vertexless triangle,
and the “add points” are the points to be added to the vertexless triangle. We also report
the intersection numbers as the sequence (n1, n2, . . . , nq−1), where ni is the number of
i -secants associated with S. By definition, n0 = 0, and nq = nq+1 = 0 from Dover [7],
so these numbers are not reported. n1 is the number of points on the semioval. In addition,
we report the automorphism group, computed using MAGMA [5]. These results appear in
Table 1.
3. Five infinite families of blocking semiovals
Two of the blocking semiovals listed in the previous section belong to known infinite
families. Type 1 is the vertexless triangle, and type 2 was shown to be part of an infinite
family by Dover [6]. Suetake [9] further generalized this family. In this section, we show
that the blocking semiovals of types 3–7 also extend to infinite families.
We begin each construction with a vertexless triangle∆ built on the lines L1 = [1, 0, 0],
L2 = [0, 1, 0], and L3 = [0, 0, 1]. We define the blocking semioval by a set D of points
to delete from ∆ and a set of points A to add to what remains. Let ∆′ denote the set ∆\D
and let S = ∆′ ∪ A.
To see from a list of points to add and delete that the resulting set is a blocking semioval,
we need to check several things. First, we assume that S contains at least two points on each
of the lines {L1, L2, L3}. Failure of this condition prevents several of our constructions
from working over small-order fields.
For each construction, we present the bulk of our proof in tabular form. Each table will
contain two sections. The first section contains a record for each line that is unblocked in
∆′. For each such line, we record the coordinates of the line, the reason it is unblocked in
∆′, which points of A lie on that line, and whether that line is a tangent to S.
The second section of our table contains information about points of ∆′ which have
multiple tangents, which we call multiple points. For each such point, there will be a record
for each tangent, including its coordinates, the reason it is tangent to ∆′, and which points
of A lie on that line.
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Table 1
The blocking semiovals in PG(2, 7)
Type Delete points Add points Intersection numbers Automorphism group
1 None None (18, 0, 36, 0, 0, 3) (Z6 × Z6) S3
2 (0, 1, 5), (1, 0, 3), (1, 2, 3), (1, 5, 4) (17, 15, 14, 9, 1, 1) Z2
(1, 0, 4)
3 (0, 1, 5), (1, 0, 3), (1, 5, 3), (1, 5, 4), (18, 6, 21, 9, 3, 0) S3
(1, 2, 0) (1, 2, 4)
4 (1, 5, 0), (1, 3, 0), (1, 3, 3), (1, 4, 6), (16, 24, 9, 4, 3, 1) Z3
(0, 1, 5), (1, 4, 0), (1, 5, 4),
(1, 1, 0), (0, 1, 1) (1, 1, 1)
5 (1, 5, 0), (1, 6, 0), (1, 1, 5), (1, 1, 3), (18, 7, 18, 12, 2, 0) Z2
(1, 0, 5), (1, 0, 3), (1, 1, 2), (1, 6, 4),
(0, 1, 2) (1, 5, 2)
6 (1, 6, 0), (0, 1, 3), (1, 5, 3), (1, 1, 6), (19, 0, 19, 19, 0, 0) Z19  Z3
(1, 0, 6), (1, 0, 2), (1, 4, 1), (1, 1, 3),
(1, 4, 0), (0, 1, 1) (1, 6, 1), (1, 1, 1), (1, 5, 2)
7 (1, 3, 0), (0, 1, 3), (1, 4, 4), (1, 6, 5), (17, 15, 15, 6, 4, 0) Z2
(1, 0, 2), (0, 1, 4), (1, 4, 2), (1, 3, 5),
(0, 1, 1), (0, 1, 2) (1, 6, 4)
8 (1, 5, 0), (0, 1, 5), (1, 5, 3), (1, 1, 4), (17, 15, 15, 6, 4, 0) Id
(0, 1, 3), (1, 0, 2), (1, 3, 1), (1, 1, 2),
(0, 1, 4), (0, 1, 2) (1, 1, 3)
9 (1, 6, 0), (1, 5, 0), (1, 4, 4), (1, 1, 5), (18, 9, 12, 18, 0, 0) A4
(1, 0, 5), (0, 1, 1), (1, 1, 2), (1, 1, 3)
(1, 0, 3), (0, 1, 2), (1, 6, 4), (1, 5, 2)
10 (0, 1, 6), (0, 1, 3), (1, 3, 4), (1, 4, 4), (18, 9, 12, 18, 0, 0) Z3 × Z3
(1, 0, 6), (1, 4, 0), (1, 6, 6), (1, 3, 3)
(1, 0, 3), (1, 2, 0), (1, 3, 2), (1, 2, 4)
11 (1, 6, 0), (1, 5, 0), (1, 4, 4), (1, 1, 5), (18, 6, 21, 9, 3, 0) Z2
(1, 0, 5), (1, 4, 0), (1, 1, 2), (1, 1, 3),
(1, 0, 3), (1, 0, 1), (1, 6, 4), (1, 5, 2),
(0, 1, 2) (1, 1, 1)
For each such table, we need to consider two issues. First, is the information in the table
complete? In other words, how can the reader be sure that we have listed all of the lines
unblocked by ∆′ and all of ∆′’s multiple points?
In passing from ∆ to ∆′, a line can become unblocked in one of two ways: either a
tangent to∆ has its single point on∆ in D, or a 3-secant can have all three of its∆-points
in D. Similarly, a point of ∆′ is a multiple point only if a 3-secant to ∆ upon which it lies
has exactly two points in D.
Using this information, our table is complete if the following two properties hold:
• The∆-tangent at every point of D is listed as an unblocked line.
• Every pair of points in D appears together in an unblocked line, in a tangent to a
multiple point of∆′, or on a side of∆.
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Table 2
Effects of additions and deletions of points for type 3
Lines unblocked by∆′ Why? Added points Tangent to S
[0,−1, 1] ∆-tangent at (0, 1, 1) (1,−1,−1) Yes
[1, 0,−1] ∆-tangent at (1, 0, 1) (1,−1, 1) Yes
[1,−1, 0] ∆-tangent at (1, 1, 0) (1, 1,−1) Yes
∆′-multiple points ∆′-tangent Why tangent? Added points
(0, 1,−1) [0, 1, 1] ∆-tangent (1,−1, 1), (1, 1,−1)
[1,−1,−1] (1, 0, 1), (1, 1, 0) del’d (1,−1,−1) char 3 only
(1, 0,−1) [1, 0, 1] ∆-tangent (1,−1,−1), (1, 1,−1)
[1,−1, 1] (0, 1, 1), (1, 1, 0) del’d none
(1,−1, 0) [1, 1, 0] ∆-tangent (1,−1, 1), (1,−1,−1)
[1, 1,−1] (0, 1, 1), (1, 0, 1) del’d none
The second issue regarding our tables is whether they constitute a proof that the set S is
a blocking semioval. This can be evaluated by checking four properties of our table:
• Every line of the plane contains at least one point of S if and only if every unblocked
line of∆′ contains at least one point of A.
• Every point of P ∈ A will lie on a unique tangent to S if and only if there exists a
unique unblocked line of∆′ which meets A in exactly P .
• Every multiple point P of ∆′ will lie on a unique tangent to S if and only if all but
one of the∆′-tangents at P contains at least one point of A.
• Every point of P ∈ ∆′ which has a unique ∆′-tangent (which is necessarily P’s
∆-tangent as well) will retain that tangent in S as long as that tangent contains no
point of A. Since every point of A lies on exactly three ∆-tangents, it suffices to
show that for each point of Q ∈ A, the three ∆-tangents on which Q lies are either
unblocked by ∆′ or are tangent to ∆′ at multiple points. While not collected in one
section, the fate of all three ∆-tangents to each point Q ∈ A may be found in the
table.
In the following constructions, we will work exclusively over fields of odd charac-
teristic.
Theorem 3.1 (Type 3). Let PG(2, q) be the projective plane over G F(q), with q odd and
q = 3e. Let S be the set obtained by deleting points {(0, 1, 1), (1, 0, 1), (1, 1, 0)} from ∆
and adding points {(1, 1,−1), (1,−1,−1), (1,−1, 1)}. Then S is a blocking semioval.
Proof. To obtain S, we remove one point from each side of ∆, implying that the sides of
∆ each contain q − 2 > 1 points of S, ensuring that they are not tangent to S.
The proof that S is a blocking semioval follows from Table 2. When q = 3e, we obtain
extra collinearities which prevent some points of S from having tangents, invalidating the
proof for characteristic 3. Only one of these extra collinearities is shown in the table. 
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Table 3
Effects of additions and deletions of points for type 4
Lines unblocked by∆′ Why? Added points Tangent to S
[1,−1, 0] ∆-tangent at (1, 1, 0) (1, 1,−d2) Yes
[1, 1, 0] ∆-tangent at (1,−1, 0) (1,−1,−1) Yes
[1,−d, 0] ∆-tangent at (1, d2, 0) (1, d2, d2) Yes
[1, d2, 0] ∆-tangent at (1,−d, 0) (1,−d, 1) Yes
[0, 1, d] ∆-tangent at (0, 1,−d2) (1,−d, 1), (1, 1,−d2) No
[0, 1,−1] ∆-tangent at (0, 1, 1) (1, d2, d2), (1,−1,−1) No
∆′-multiple points ∆′-tangent Why tangent? Added points
(1, 0, d) [1, 0,−d2] ∆-tangent at (1, 0, d) None
[1,−d,−d2] (1, d2, 0), (0, 1,−d2) del’d (1,−1,−1)
[1, d2,−d2] (1,−d, 0), (0, 1, 1) del’d (1, 1,−d2)
(1, 0,−d2) [1, 0, d] ∆-tangent at (1, 0,−d2) (1, 1,−d2)
[1,−d, d] (1, d2, 0), (0, 1, 1) del’d (1,−d, 1)
[1, 1, d] (1,−1, 0), (0, 1,−d2) del’d None
(1, 0,−1) [1, 0, 1] ∆-tangent to (1, 0,−1) (1,−1,−1)
[1, d2, 1] (1,−d, 0), (0, 1,−d2) del’d (1, d2, d2)
[1,−1, 1] (1, 1, 0), (0, 1, 1) del’d None
(1, 0, d2) [1, 0,−d] ∆-tangent to (1, 0, d2) (1, d2, d2)
[1,−1,−d] (1, 1, 0), (0, 1,−d2) del’d None
(1, 0, 1) [1, 0,−1] ∆-tangent to (1, 0, 1) (1,−d, 1)
[1, 1,−1] (1,−1, 0), (0, 1, 1) del’d None
Theorem 3.2 (Type 4). Let PG(2, q) be the projective plane over G F(q) with q ≥ 7
odd. Let d ∈ G F(q) satisfy d2 + d + 1 = 0, which forces q ≡ 1 (mod 3). Let S be
the set obtained by deleting points {(1, 1, 0), (1,−1, 0), (1, d2, 0), (1,−d, 0), (0, 1,−d2),
(0, 1, 1)} from ∆ and adding points {(1, d2, d2), (1,−d, 1), (1,−1,−1), (1, 1,−d2)}.
Then S is a blocking semioval.
Proof. Since four points are removed from L3 = [0, 0, 1], L3 will be a (q − 5)-secant to
S. Since our method of proof assumes that L3 contains at least two points of S, we must
have q ≥ 7. The remainder of the proof follows from Table 3. 
Theorem 3.3 (Type 5). Let PG(2, q) be the projective plane over G F(q), where G F(q)
has characteristic greater than 5. Let S be the set obtained by deleting points {(0, 1, 1),
(1, 0, 1), (1, 1, 0), (2, 0, 1), (2, 1, 0)} from ∆ and adding points {(2,−1, 2), (2,−1,−1),
(2, 1,−2), (2, 2,−1), (2,−1, 1)}. Then S is a blocking semioval.
Proof. Looking at the delete points, we see that at most two points are deleted from any
side of∆. As q ≥ 7, each side of∆ contains at least four points of S.
The remainder of the proof follows from Table 4. When our field has characteristic 3
or 5, there are a large number of extra collinearities between some of the lines of interest
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Table 4
Effects of additions and deletions of points for type 5
Lines unblocked by∆′ Why? Added points Tangent to S
[0, 1,−1] ∆-tangent at (0, 1, 1) (2,−1,−1) Yes
[1, 0,−1] ∆-tangent at (1, 0, 1) (2,−1, 2) Yes
[1,−1, 0] ∆-tangent at (1, 1, 0) (2, 2,−1) Yes
[1, 0,−2] ∆-tangent at (2, 0, 1) (2,−1, 1) Yes
[1,−2, 0] ∆-tangent at (2, 1, 0) (2, 1,−2) Yes
∆′-multiple points ∆′-tangent Why tangent? Added points
(1,−1, 0) [1, 1, 0] ∆-tangent at (1,−1, 0) (2, 1,−2) char 3 only
[1, 1,−1] (0, 1, 1), (1, 0, 1) del’d (2,−1, 1)
(1, 0,−1) [1, 0, 1] ∆-tangent at (1, 0,−1) (2, 1,−2)
[1,−1, 1] (0, 1, 1), (1, 1, 0) del’d (2,−1, 2) char 5 only
(2,−1, 0) [1, 2, 0] ∆-tangent at (2,−1, 0) (2,−1, 2), (2,−1,−1),
(2,−1, 1)
[1, 2,−2] (0, 1, 1), (2, 0, 1) del’d None
(2, 0,−1) [1, 0, 2] ∆-tangent at (2, 0,−1) (2,−1,−1), (2, 2,−1)
[1,−2, 2] (0, 1, 1), (2, 1, 0) del’d None
(0, 1,−1) [0, 1, 1] ∆-tangent at (0, 1,−1) (2,−1, 1)
[1,−1,−1] (1, 0, 1), (1, 1, 0) del’d None
[1,−2,−2] (2, 0, 1), (2, 1, 0) del’d (2,−1, 2), (2, 2,−1)
(0, 1,−2) [0, 2, 1] ∆-tangent at (0, 1,−2) (2,−1, 2), (2, 1,−2)
[1,−2,−1] (1, 0, 1), (2, 1, 0) del’d None
(0, 2,−1) [0, 1, 2] ∆-tangent at (0, 2,−1) (2, 2,−1)
[1,−1,−2] (1, 1, 0), (2, 0, 1) del’d None
and the added points. In the table, we provide only one example of such an extra collinearity
which invalidates the proof for these characteristics. 
Theorem 3.4 (Type 6). Let PG(2, q) be the projective plane over G F(q), with q odd.
Let d satisfy d2 + d + 1 = 0, forcing q ≡ 1 (mod 3). Further, if q = 7e, assume d = 4.
Let S be the set obtained by deleting points {(0, 1,−1), (1, 0,−1), (1,−1, 0), (0, 1, d),
(1, 0, d2), (1, d, 0)} from ∆ and adding points {(1, d2, d), (1, d,−d2), (1,−d, d2),
(1,−d,−d2), (1,−1,−d2), (1,−d, d), (1, d2,−1)}. Then S is a blocking semioval.
Proof. Note that two points are removed from each side of∆, which as q ≥ 7 shows that
the sides of ∆ contain at least four points of S. The remainder of the proof follows from
Table 5. Extra collinearities arise when q = 7e and d = 4, because 1 − 2d and 2 − d2
are zero in this case. As in Table 4, we only illustrate one example where this restriction
causes a failure in the proof, though there are others. 
Theorem 3.5 (Type 7). Let PG(2, q) be the projective plane over G F(q) with q ≥ 7 odd
and q = 3e. Let S be the set obtained by deleting points {(0, 1,−1), (1, 0,−1), (1,−1, 0),
(0, 2,−1), (0, 1,−2), (0, 1, 1)} from ∆ and adding points {(1, 1,−1), (1,−1, 1),
(1,−2, 1), (1, 1,−2), (1,−2,−2)}. Then S is a blocking semioval.
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Table 5
Effects of additions and deletions of points for type 6
Lines unblocked by∆′ Why? Added points Tangent to S
[1, 1, 1] (0, 1,−1), (1, 0,−1), (1, d2, d) Yes
(1,−1, 0) del’d
[0, 1, 1] ∆-tangent at (0, 1,−1) (1,−d, d) Yes
[1, 0, 1] ∆-tangent at (1, 0,−1) (1, d2,−1) Yes
[1, 1, 0] ∆-tangent at (1,−1, 0) (1,−1,−d2) Yes
[0, 1,−d2] ∆-tangent at (0, 1, d) (1,−d,−d2) Yes
[1, 0,−d] ∆-tangent at (1, 0, d2) (1,−d, d2) Yes
[1,−d2, 0] ∆-tangent at (1, d, 0) (1, d,−d2) Yes
∆′-multiple points ∆′-tangent Why tangent? Added points
(1, d2, 0) [1,−d, 0] ∆-tangent at (1, d2, 0) (1, d2, d), (1, d2,−1)
[1,−d,−d] (0, 1,−1), (1, 0, d2) del’d (1, d,−d2)
char 7, d = 4 only
[1,−d, 1] (1, 0,−1), (0, 1, d) del’d (1,−d, d)
(1, 0, d) [1, 0,−d2] ∆-tangent at (1, 0, d) (1, d2, d), (1,−d, d)
[1, 1,−d2] (1,−1, 0), (0, 1, d) del’d None
[1,−d2,−d2] (0, 1,−1), (1, d, 0) del’d (1,−1,−d2)
(0, 1, d2) [0, 1,−d] ∆-tangent at (0, 1, d2) (1, d2, d), (1,−1,−d2)
[1,−d2, 1] (1, 0,−1), (1, d, 0) del’d None
[1, 1,−d] (1,−1, 0), (1, 0, d2) del’d (1, d2,−1)
(1,−d, 0) [1, d2, 0] ∆-tangent at (1,−d, 0) (1,−d, d2), (1,−d,−d2),
(1,−d, d)
[1, d2,−d] (0, 1, d), (1, 0, d2) del’d None
(1, 0,−d2) [1, 0, d] ∆-tangent at (1, 0,−d2) (1, d,−d2), (1,−d,−d2),
(1,−1,−d2)
[1,−d2, d] (0, 1, d), (1, d, 0) del’d None
(0, 1,−d) [0, 1, d2] ∆-tangent at (0, 1,−d) (1, d,−d2), (1,−d, d2),
(1, d2,−1)
[1,−d2,−d] (1, 0, d2), (1, d, 0) del’d None
Proof. In our construction, we delete four points from L1 = [1, 0, 0], which forces us to
consider q > 5. As before, in characteristic 3 there are a large number of extra collinearities
which arise, and we indicate only one which ruins our proof. The remainder of the proof is
given in Table 6. 
4. Extension to higher-order planes
While some of the blocking semiovals in PG(2, 7) do not seem to directly extend
to infinite families, every blocking semioval in a plane π can be extended to a blocking
semioval in any plane Π containing π as a subplane. We begin with two technical
results which assert the existence of a triangle related to a blocking semioval with certain
properties. We then prove our extension theorem.
B.B. Ranson, J.M. Dover / European Journal of Combinatorics 24 (2003) 183–193 191
Table 6
Effects of additions and deletions of points for type 7
Lines unblocked by∆′ Why? Added points Tangent to S
[1, 1, 1] (0, 1,−1), (1, 0,−1), (1,−2, 1), (1, 1,−2) No
(0, 1,−1) del’d
[0, 1, 1] ∆-tangent at (0, 1,−1) (1, 1,−1), (1,−1, 1) No
[1, 0, 1] ∆-tangent at (1, 0,−1) (1, 1,−1) Yes
[1, 1, 0] ∆-tangent at (1,−1, 0) (1,−1, 1) Yes
[0, 1, 2] ∆-tangent at (0, 2,−1) (1,−2, 1) Yes
[0, 2, 1] ∆-tangent at (0, 1,−2) (1, 1,−2) Yes
[0, 1,−1] ∆-tangent at (0, 1, 1) (1,−2,−2) Yes
∆′-multiple points ∆′-tangent Why tangent? Added points
(1,−2, 0) [2, 1, 0] ∆-tangent at (1,−2, 0) (1,−2, 1), (1,−2,−2)
[2, 1, 2] (0, 2,−1), (1, 0,−1) del’d (1,−1, 1) char 3 only
(2,−1, 0) [1, 2, 0] ∆-tangent at (2,−1, 0) None
[1, 2, 1] (0, 1,−2), (1, 0,−1) del’d (1,−1, 1)
(1, 1, 0) [1,−1, 0] ∆-tangent at (1, 1, 0) (1, 1,−1), (1, 1,−2)
[1,−1, 1] (0, 1, 1), (1, 0,−1) del’d None
(2, 0,−1) [1, 0, 2] ∆-tangent at (2, 0,−1) None
[1, 1, 2] (0, 2,−1), (1,−1, 0) del’d (1, 1,−1)
(1, 0,−2) [2, 0, 1] ∆-tangent at (1, 0,−2) (1, 1,−2), (1,−2,−2)
[2, 2, 1] (0, 1,−2), (1,−1, 0) del’d None
(1, 0, 1) [1, 0,−1] ∆-tangent at (1, 0, 1) (1,−1, 1), (1,−2, 1)
[1, 1,−1] (0, 1, 1), (1,−1, 0) None
Lemma 4.1. Let S be a blocking semioval in a plane of order q > 3. Unless S is unital,
S has an (n + 1)-secant for some 1 ≤ n ≤ √q − 1.
Proof. Let P be a point of S. Since S has a unique tangent at P , the remaining q lines
through P must be secants to S. If each of these secants contains more than √q points
of S, we have |S| ≥ q√q + 1, with equality if and only if each secant meets S in exactly√q+1 points. Strict inequality contradicts Thas [10], while equality forces S to be a unital
by Bruen and Thas [4]. 
Theorem 4.1. Let S be a blocking semioval in a plane of order q. Then there exists a
triangle T , called an “extensible” triangle, consisting of three non-concurrent lines, such
that each side of T is not tangent to S and each vertex of T lies off S.
Proof. For q = 3 and 4, the only blocking semioval is the vertexless triangle and it is
itself an extensible triangle. We consider the case for q > 4, where S is not a unital. By
Lemma 4.1, S has an (n + 1)-secant  for some 1 ≤ n ≤ √q − 1. Let P be a point of
 ∩ S and let m be the tangent to S at P. Let R be the set of (q − n) points of  off S.
Suppose that S has no extensible triangle T . Let Pm be a point of m\{P}. For every
pair 1, 2 of distinct lines through Pm which meet  in a point of R, at least one of 1 or 2
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must be a tangent to S; otherwise, 1, 2 and  would form an extensible triangle T . Hence
all but at most one of the q − n lines through Pm which meet  in a point of R must be
tangent to S.
Collecting over all points Pm and including the tangents to points of S on , we
have at least q(q − n − 1) + (n + 1) tangents to S. From Thas [10], we have |S| ≤
q√q + 1, so q(q − n − 1) + (n + 1) ≤ |S| ≤ q√q + 1. Solving for n, we find
(q2 − q3/2 − q)/(q − 1) ≤ n. By assumption, n is at most √q − 1. Substituting for n, we
have (q2 − q3/2 − q)/(q − 1) ≤ √q − 1. Multiplying both sides by the positive quantity
q − 1, we obtain the inequality q2 − 2q√q +√q − 1 ≤ 0. Substituting (y + 1/2)2 for q
and solving, we find the original inequality is not valid for q >∼ 3.48, a contradiction.
The proof for the case where S is a unital is the same, except that we may only assume
n ≤ √q . The analysis method above yields the inequality q2−2q√q−q+√q ≤ 0. Factor
out
√q and ignore the root q = 0. Substituting q → (y/3 + 2/3)2 and using Cardano’s
formula, we find that the original equality is not valid for q >∼ 5.05, a contradiction. 
We now have the foundation to construct a blocking semioval S in a projective plane Π ,
given a set s that is a blocking semioval in a subplane π . The set s is too small to be
a blocking set in Π . However, we can construct a non-unique extension to s, which is a
blocking semioval in Π . We first make the following definitions.
• s is a blocking semioval in π .
• {L1, L2, L3} are three non-concurrent lines in π forming an extensible triangle with
respect to s. They define three lines of the same name in Π .
• S is a set in Π , such that S = s ∪ {p ∈ Π : p /∈ π and p is a point on {L1, L2, L3}}.
Theorem 4.2. Every blocking semioval s in a projective plane π can be extended to a
blocking semioval S in any projective plane Π containing π as a subplane.
Proof. We first show that S is a blocking set. If  is a line of π , then  meets S because
s ⊂ S is a blocking set in π . Now consider , not a line of π .  must meet the union of
{L1, L2, L3} in Π in at least two points. If two or more of the intersection points are in π
then  is a line of π contrary to assumption. So at least one of the intersection points is in
Π \π , which implies  contains a point of S.
We show that every point in S has a unique tangent. We proceed by analyzing two cases.
Case 1: Let P be a point in S not in the subplane π . Then P lies on one of L1, L2, and
L3; we will assume L1 without loss of generality. We claim the unique tangent to S at P is
the line m = PV1, where V1 = L2 ∩ L3. Since L1 is the side of an extensible triangle, L1
must be the unique line through P which meets π in more than one point, and L1 is not a
tangent to S. Further, L1 does not contain the point V1. Every other line  through P must
meet both L2 and L3. If  meets L2 and L3 in distinct points, at least one of these points
must be outside π , thus by construction in S. So  is not tangent to S. The only remaining
line through P is m = PV1. This line contains no point of s as m ∩ π = V1 /∈ s, and
contains no point of L2 or L3 outside of π , as m ∩ L2 = m ∩ L3 = V1 ∈ π . Hence m is
the unique tangent to S at P .
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Case 2: Let P be a point of S in the subplane π . Then P is in s, and no line of π is tangent
to s (and thus S) except for a unique tangent t . Since t meets all of L1, L2, and L3 inside
π , t is also a tangent to S at P . Any line of Π through P that is not a line of π meets at
most one of L1, L2, and L3 inside π , implying that P has no further tangents.
Hence S is a blocking semioval. 
5. Conclusion
There are many avenues left to be explored in the study of blocking semiovals. The
results of this paper suggest that a complete classification of all blocking semiovals is
intractable. Indeed, applying our search program to PG(2, 8) yielded 23 inequivalent
blocking semiovals, despite inspecting only a minuscule fraction of the search tree. Even
if an exhaustive search in PG(2, 8) is intractable, there seem to be a lot of interesting
examples readily available.
Another approach is to look at blocking semiovals with some other interesting
properties. Suetake [9] considers blocking semiovals in planes of order q which possess a
(q − 1)-secant, and Batten and Dover [2] look at blocking semiovals with few intersection
numbers. Other possibilities include looking at blocking semiovals which admit certain
central collineation groups and dual structures of blocking semiovals.
Finally, the problem of constructing blocking semiovals in non-Desarguesian planes and
other incidence structures is also of interest, as Batten’s protocol [1] applies in any design.
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